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ABSTRACT: The shear viscosity coefficient of strongly coupled boundary gauge theory
plasma depends on the horizon value of the effective coupling of transverse graviton moving
in a black hole background. The proof for the above statement is based on the canonical
form of graviton’s action. But in presence of generic higher derivative terms in the bulk
Lagrangian the action is no longer canonical. We give a procedure to find an effective
action for graviton (to first order in coefficient of higher derivative term) in canonical form
in presence of any arbitrary higher derivative terms in the bulk. From that effective action
we find the effective coupling constant for transverse graviton which in general depends
on the radial coordinate . We also argue that horizon value of this effective coupling is
related to the shear viscosity coefficient of the boundary fluid in higher derivative gravity.
We explicitly check this procedure for two specific examples: (1) four derivative action and
(2) eight derivative action (Weyl* term). For both cases we show that our results for shear
viscosity coefficient (upto first order in coefficient of higher derivative term) completely
agree with the existing results in the literature.
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1 Introduction

The AdS/CFT correspondence is a powerful tool to study different properties of strongly

coupled gauge theory in terms of dual (super) gravity theory in AdS space. In low fre-

quency limit the boundary field theory can be described by hydrodynamics. In this limit

different transport coefficients like shear viscosity, diffusion constant, thermal and electri-

cal conductivity of strongly coupled boundary fluid have been computed in the context of
AdS/CFT (see [1]-]31]).

In [1], the authors evaluated the shear viscosity coefficient of boundary fluid using Kubo

formula. This formula relates the shear viscosity to two point function of energy momentum

tensor in zero frequency limit. On the other hand from field operator correspondence of



the AdS/CFT conjecture we know that energy momentum tensor of boundary field theory
is sourced by bulk graviton excitations. Therefore in the context of AdS/CFT, to calculate
thermal two point correlation function of field theory energy momentum tensor we need
to add small perturbations to the bulk metric. In [1], the authors considered graviton
excitations polarized parallel to the black brane (i.e., xy components are turned on) and
moving transverse to it. When one sends the gravitons to the brane, there is a probability
that it will be absorbed by the brane. They calculated the absorption coefficient and showed
that it is related to two point functions of energy momentum tensor of boundary fluid.

To calculate the absorption coefficients, one needs to solve the wave equation for trans-
verse gravitons. In presence of any higher derivative terms in the bulk action the solution
may be technically difficult in general [32-34]. Recently there is a proposal that the shear
viscosity of strongly coupled boundary gauge theory plasma is related to the effective cou-
pling of graviton calculated at the black hole horizon [35, 36]. In [37], using the membrane
paradigm, the authors have confirmed that at the level of linear response the low frequency
limit of strongly coupled boundary field theory at finite temperature is determined by the
horizon geometry of its gravity dual. They have proved that generic boundary theory
transport coefficients can be expressed in terms of geometric quantities evaluated at the
horizon.! In particular, they have found that the shear viscosity coefficient is given by the
transverse graviton coupling computed at the horizon. The novelty of this result is that
one does not need to solve the equation of motion for the graviton to calculate the thermal
Green function. From graviton’s action one can easily read off the coupling constant and
hence determine the shear viscosity coefficient.

To find the effective coupling of gravitons one has to find the general action. This
can be achieved in the following way. Consider the Einstein-Hilbert action with negative

cosmological constant
1

I =
167G

/de\/—_g(R+12) : (1.1)

The equation of motion obtained from this action has a black hole solution. We denote
this background solution by g,(fy). Now we consider fluctuation about this spacetime in xy
(for example) direction,?

oy = 9% + € huy(r,2) = g (1 + € B(r,2)) (1.2)

Then substituting the metric with fluctuation in the action (1.1) and keeping terms up to

order €2 we get the action for graviton. The form of this action is,

4
o 1671G5 / (;Zw];l dr (a(r)¢/ (r, k) (r, =k) + b(r)$(r, k) (r, =k)) (1.3)

where,

4,
o(r, k) :/(;ZT)zlelk'xq)(r,x), (1.4)

See [38] also.
2Notations: = denotes the boundary coordinates. = = {t, Z}.



k={-w, E} and ¢’ 7 denotes derivative with respect to r. The effective coupling is related
to the coefficient of ¢ i.e., a (we have reviewed this calculation in section 2).

This gives the correct viscosity coefficient for the Einstein-Hilbert gravity. But it is
not obvious how to generalize this approach for higher derivative case. The proof given
in [37] was based on the canonical form (1.3) of graviton’s action. In presence of arbitrary
higher derivative terms in the bulk, the general action for the perturbation h,, does not
have the above form (1.3). Rather it will have more than two derivative (with respect to r)
terms. [37, 39] have considered Gauss-Bonnet term in the bulk action. In general, presence
of Ry R™ and Rupeq R terms in the bulk result terms like ¢’2 and ¢/¢” in the action for
hgzy. For Gauss-Bonnet combinations these terms get canceled and the general action still
has the form (1.3).

In this paper we have considered generic higher derivatives terms in the bulk La-
grangian. We have given a procedure to construct an effective action S.s for transverse
graviton of the form (1.3) in presence of any higher derivative terms in the bulk. The
details of the construction is given in section (3). Our construction ensures that in low
frequency limit, the calculations of retarded Green function (imaginary part) using either
effective action or original action are same. Therefore following the similar argument given
in [37], we can relate the shear viscosity coefficient of the boundary fluid with the horizon
value of the effective coupling obtained from S.s (section 4). In section (5) we have also
discussed how membrane fluid captures the properties of boundary fluid in low frequency
limit in generic higher derivative gravity. We have checked our procedure for two cases:

e General four derivative terms, (section (6))
e Weyl* term which arises in type II string theory (section (7)).

In both examples we get exact agreement between our results and the results that already
exist in the literature [33, 34, 40]. Hence we conclude that:

The shear viscosity coefficient of the boundary fluid is given by the horizon value
of the effective coupling of transverse graviton obtained from its effective action
in presence of arbitrary higher derivative terms in the bulk.

2 Shear viscosity from effective coupling

In this section we briefly review how to calculate the shear viscosity coefficient of the
boundary fluid from the effective coupling constant of transverse graviton in Einstein-
Hilbert gravity.
We first fix the background spacetime. We start with the following Einstein-Hilbert
action in AdS space.
1

I =
167TG5

/d5:c\/—_g(R +12) . (2.1)



Here we have taken the radius of the AdS space 1. The background spacetime is given by
the following metric3

ds® = —hy(r)dt* + dr + a2 (2.2)
- he(r) 7 '
where,
1 — 72
r
and
he(r) = 4r%(1 —r?) . (2.4)
The black hole has horizon at rg = 1 and the temperature of this black hole is given by,
1
T=—. 2.5
. (25)

We consider the following metric perturbation,
Goy = 98 + hay(r, ) = g} (1 + €®(r, z)) (2.6)

where € is an order counting parameter. We consider terms up to order €? in the action of
®(r,x). The action (in momentum space) is given by,

w 3f
5= 1671G5 / i;)f ar [Al’l(r)gb/(r’ k)¢ (k) (2.7)

+A10(r, k)o(r, —k)d (r, k) + Ao.o(r, k)p(r, k)p(r, —k)

where, A; ;j(r, k) are functions of r and k and ¢(r, k) is given by (1.4). Up to some total
derivative the action (2.7) can be written asfootnoteThough throughout this paper we
have written the four vector k, but in practice we have worked in k — 0 limit. In all the
expressions we have dropped the terms proportional to k or its power.

w 3k
- [t (AV ) 06 )+ AV G0 o) (25)

5= Toncs | @
where,
2 _
AP = (29)
and )
(0) _ w 2.1
Ay’ (1, k) 207 (2.10)

This can be viewed as an action for minimally coupled scalar field ¢(r, k) with effective
coupling given by,

1 A0
167G5 _g(O)grr

()

3We are working in a coordinate frame where asymptotic boundary is at 7 — 0.

Keg(r) =




Therefore according to [37, 39] the effective coupling Kg calculated at the horizon rq gives
the shear viscosity coefficient of boundary fluid,

[SIY)

n= TO_ (—2Keg(r0))
1
= . 2.12
167 G5 ( )
Therefore shear viscosity to entropy density ratio is given by,

7 1
-=— 2.13
s Am ( )

The universality of this result is an artifact of the universality of the transverse graviton’s
effective coupling (2.11) in two derivative gravity.

3 The effective action

Having understood the above procedure to determine the shear viscosity coefficient from
the effective coupling of transverse graviton it is tempting to generalize this method for any
higher derivative gravity. As we discussed in the introduction, the first problem one faces
is that the action for transverse graviton no more has the canonical form (2.7). For generic
'n’ derivative gravity theory the action can have terms with (and up to) ‘n’ derivatives
of ®(r,z). Therefore, from that action it is not very clear how to determine the effective
coupling. In this section we try to address this issue.

We construct an effective action which is of form (2.8) with different coefficients cap-
turing higher derivative effects. We determine these two coefficients by claiming that the
equation of motion for ¢(r, k) coming from these two actions (general action and effective
action) are same up to first order in perturbation expansion (in coefficient of higher deriva-
tive term). Once we determine the effective action for transverse graviton in canonical form
then we can extract the effective coupling from the coefficient of ¢'(r, k)¢’ (r, —k) term in
the action. Needless to say, our method is perturbatively correct.

3.1 The general action and equation of motion

Let us start with a generic 'n’ derivative term in the action with coefficient p. We study
this system perturbatively and all our expressions are valid up to order . The action is

given by,
1

- 167Gs

/d5x <R +12+ 4 R(")) (3.1)

where, R(™ is any n derivative Lagrangian. The metric in general is given by (assuming
planar symmetry),

d?”2 1 (n) )
T — (14 p BV (r))d (3.2)
hr(r) + 2 ht (7”) "

ds® = —(hy(r) + p h{" (r))dt? +

where hgn), hﬁ”) and hgn) are higher derivative corrections to the metric.



Substituting the background metric with fluctuations in the action (3.1) (we call it
general action or original action) for the scalar field ¢(r, k) we get,

n

1 Ak
r T, () (@) ( .
167TG5/( 74 ;Oqu k)P (r, —k) oD (r, k) (3.3)

where, ¢)(r, k) denotes the p™* derivative of the field ¢(r, k) with respect to r and p+¢ < n.
The coefficients Ay, 4(r, k) in general depends on the coupling constant p. A, , with p+q > 3
are proportional to y and vanishes in g — 0 limit , since the terms ¢® @ with p+¢ > 3
appears as an effect of higher derivative terms in the action (3.1). Up to some total
derivative terms, the general action (3.3) can also be written as,

5 o /}&kWS%ATk¢@< ~k)oP(r, k), n even
167G k),
1 dAk (n—1)/2
~ 16nG5 / Tdr Z Ap(r, k)P (r,=k)P) (r k), n odd.  (3.4)

The equation of motion for the scalar field ¢(r, k) is given by,

n/2

P oL{e"™})
pzz:o< dr) 26D (k) =0, n even
IS (L octetmy
pgo < dr) 2o (k) =0, n odd (3.5)
where L({¢™}) is given by
L™ =Y Al k)W) (r, =k)P (1 k) (3.6)

We analyze the general action for the scalar field ¢(r, k) and their equation of motion
perturbatively and write an effective action for the field ¢(r, k).

The generic form of the equation of motion (varying the general action) upto order p
is given by,

AO(T’ k‘)gb(’l“, k) - “4/1 (T’ k)QS/(T’ k) - Al (T’ k)QS/,(T’ k) =K ]}({¢(p)}) + O(:U’Q) (37)

where F({¢®}) is some linear function of double and higher derivatives of ¢(r, k), coming
from two or higher derivative terms in action (3.3). The zero™ order (1 — 0) equation of
motion is given by,

AL (r, k) (r, k) — AL (1, k) (r, k) — AV (r, k)" (r, k) = 0 (3.8)

where, Aéo) is the value of A, at © — 0. From this equation we can write ¢”(r, k) in terms
of ¢'(r, k) and ¢(r, k) in p — 0 limit.

AL (r, k) A (r, k)
" k) = 02 (r k) — 2L (r k) 3.9
¢"(r, k) A0 (T’k)qb(r ) A0 (T,k)qb(r ) (3.9)



Then the full equation of motion can be written in the following way,

AL (k) (r, k) — AL (1) (k) — AV ()¢ (r k) = 1 F(d(r, k), & (k) & (1, ), )
+0(u?) . (3.10)
Since the right hand side of equation (3.10) is proportional to u, we can replace the ¢ (r, k)

and other higher (greater than 2) derivatives of ¢(r, k) by its leading order value (3.9).
Therefore up to order u the equation of motion for ¢ is given by,

A (1, k), k) — ALV (1, k) (r, k) — AP (1, k)" (1, k) = 1 F(b(r, k), & (1, k)
+0(1?)
= u(F1¢' (r, k) + Foo(r, k))
+0u?)  (3.11)

where Fy and F; are some function of . This is the perturbative equation of motion for
the scalar field ¢(r, k) obtained from the general action (3.3).

3.2 Strategy to find the effective action

In this subsection we describe the strategy to write an effective action for the field ¢(r, k)
which has form (2.8) with different functions. The prescription is following.

(a) We demand the equation of motion for ¢(r, k) obtained from the original action and
the effective action are same upto order p. This will fix the coefficients of $? and ¢? terms
in effective action.

Let us start with the following form of the effective action.

1 dwd3k
S = mﬂcg,/ éﬂ)zx ar [<A§°)<n k) + uBa(r, k) (r, —k)¢' (1, k)

(A (. k) + uBo(r, k) (r, K)o (r, )| . (3.12)
The functions By and B; are yet to be determined. We determine these functions by
claiming that the equation of motion for the scalar field ¢(r, k) obtained from this effective

action is same as (3.11) up to order p. The equation of motion for ¢(r, k) from the effective
action is given by,

AD k) o k) — AL (1, k) (r, k) — AV, k)¢ (1, )

, A, k)
= 51(7"7 k) - 17’81(707 k) ¢I(7a7 k)
< AP (1, k)
AP (r,
(B2 By ) o) + 007) . (3.13)
Al (n k)
Therefore comparing with (3.11) we get,
'(0)
B (r k) — Al(TWBl(r, k) — Fi(r,k) = 0 (3.14)
"41 Ty k)



and

AL (7, k)
B (Ta k) =B (Ta k)077

1 (T,k

— Fo(r, k) . (3.15)

The solutions are given by,

Fi(r k) (0)
Bi(r, k) = A0 r k dr=22 4 kA r k
1( ) 1 ( ) Ago) (7“, /{:) 1 ( )
= Bi(r, k) + A (r k) (3.16)
and
By = Bo(r, k) + kAL (3.17)

for some constant k. We need to fix this constant.

(b) Condition (a) can not fix the overall normalization factor of the effective action. In
particular we can multiply it by (1 + uI') (for some constant I') and still get the same
equation of motion.* Considering this normalization, the effective action is given by,

1 I [ dwdk
Serr = i /w

167G (2m)4 ar [(Ag()) (r, k) + uBa(r, k)¢ (r, —k)¢/ (r )
+(AY (1, k) + uBo(r, k) (r, k) (r, —k:)] .(3.18)
Substituting the values of B’s (3.16) and (3.17) we get,

S = (14 (T + 1)) + / dr (Bi(r, k)@ (r,~k)&/ (1, k) + Bo(r, K)o(r, —k)o (1 k)
(3.19)
where S is the effective action at g — 0 limit. This implies that the integration constant
K can be absorbed in the overall normalization constant I'. Henceforth we will denote this
combination as I'.

Our prescription is to take I' to be zero from the following observation.

The shear viscosity coefficient of boundary fluid is related to the imaginary part of
retarded Green function in low frequency limit. The retarded Green function ny7my(k)
is defined in the following way. The on-shell action for graviton can be written as a
surface term,

d*k
§n~ / (2m)2 ¢0(k) Gay,ay(k,7) Go(—F) (3.20)
where ¢g(k) is the boundary value of ¢(r, k) and ny,xy is given by,
Ggy,xy(k) = lli% 2G2y,ay(k,7) (3.21)

4We are thankful to Ashoke Sen for raising this point.



and shear viscosity coefficient is given by,?

w—0 | w TY,ZTY

1
n = lim [—ImGR (k)} (computed on — shell) . (3.22)

Now it turns out that the imaginary part of this retarded Green function obtained from the
original action and effective action are same upto the normalization constant I" in presence
of generic higher derivative terms in the bulk action. Therefore it is quite natural to take
I" to be zero as it ensures that starting from the effective action also one can get same
shear viscosity using Kubo machinery. To show that the above statement is true we do not
need to know the full solution for ¢, in other words to find the difference between the two
Green functions one does not need to calculate the Green functions explicitly. Assuming
the following general form of solution for ¢

¢ ~ (1= 1) (1 +iwpug(r)) (3.23)

it can be shown generically.’ In appendix A we have given the proof.

Because of the canonical form of the effective action, it follows from the argument
in [37] and the statement above, that the shear viscosity coefficient of boundary fluid is
given by the horizon value of the effective coupling obtained from the effective action in
presence of any higher derivative terms in the bulk action. We discuss elaborately on this
point in section (4).

(c) After getting the effective action for ¢(r, k), the effective coupling is given by,

1 AV k) + B k)
167G v —99""

where ¢"" is the 'rr’ component of the inverse perturbed metric and /—g is the determinant

Kegr(r) (3.24)

of the perturbed metric. Hence the shear viscosity coefficient is given by,

w

n=ry > (—2Ke(r = 19)) (3.25)

where 7 is the corrected horizon radius.
To summaries, we have obtained a well defined procedure to find the correction (up
to order u) to the coefficient of shear viscosity of the boundary fluid in presence of general

higher derivative terms in the action.

4 Flow from boundary to horizon

Following [37], let us define the following linear response function

II(r, k)
Y(r, k) = ———— 4.1
X = s (41)
5To calculate this number one has to know the exact solution, i.e., the form of ¢ and the value of 3

in (3.23).
SIn fact one advantage to calculate the boundary term from effective action is that we do not need to
consider the Gibbons-Hawking boundary terms (see appendix A).



where TI(r, k) is conjugate momentum of the scalar field ¢ (with respect to a foliation in
the r direction),

— ( (r,k) + uBa(r, k)) & (r, —k)
Keg(

)/ —9@g 0" 0,0 (4.2)

where Keg(r) = 167G5Keg(r). Now we will show, using the equation of motion, that the

function II(r, k) and the combination w¢(r, k) is independent of the radial coordinate r in
k — 0 limit. The equation of motion is given by,

d

| (AP0 4 18100) 00| = (AP ) + il ) 0
d

. [H(T, k‘)} = <,4(()0) (r, k) 4+ pBo(r, k:)) o(r, k) . (4.3)

Since A((]O) ~ w?, therefore it follows from (4.3) and (4.2) that, in p — 0 limit TI(r, k) and
wo(r, k) are independent of r. But this is true even in p # 0 case. To understand this
we note that, function Ag in (3.4) is proportional to w? in general.” Therefore it follows
from (3.9), (3.11) and (3.15) that By is also proportional to w?. Hence, in presence of
higher derivative terms also it follows from (4.2) and (4.3) that the function II(r, k) and
wao(r, k) are independent of radial direction r in low frequency limit.

Therefore this response function calculated at the asymptotic boundary and at the
horizon gives the same result and is equal to the shear viscosity coefficient. One can
calculate the function y and it turns out that,

Imefom
X(r =0k —0) = —22
w
—3/2 4(0) B
X(?" _ To,k R 0) _ 7“0 .A (7“ k) + MBl(V" k) =7, 2 (_QKeH(TO)) ) (44)

871Gs V=99 "o

Thus, shear viscosity coefficient of boundary fluid is related to horizon value of graviton’s
effective coupling obtained from the effective action.

5 Membrane fluid in higher derivative gravity

The UV /IR connection tells us that the boundary field theory physics in low frequency
limit should be governed by the near horizon geometry of its gravity dual. In [37], the
authors have established a connection between horizon membrane fluid and boundary fluid
in linear response approximation. They considered a mass less scalar field (with action
given in (2.8)) outside the horizon and studied the response of the membrane fluid to this
bulk scalar field. They defined a membrane charge I, which is equal to the conjugate

"In general when we write action (3.4) action (3.3) we get some terms like w?¢? + Z(r)¢*. The function
Z(r) is zero when background equation of motion is satisfied. We have explicitly checked this for two, four
and eight derivative case.

,10,



momentum of the scalar field ¢ (with respect to a foliation in the r direction) at the
horizon. Imposing regularity condition on the scalar field at the horizon they interpreted
the membrane charge Il as a response of the horizon fluid to the scalar field. Considering
the scalar field ¢ to be bulk graviton excitation (h%), Iy, gives the shear viscosity of the
membrane (horizon) fluid which is also equal to horizon value of the effective coupling of
graviton. In this way, they proved that the shear viscosity of boundary fluid is related to
that of membrane fluid.

In higher derivative gravity, since the canonical form of the action (2.8) breaks down, it
is not very obvious how to define the membrane charge I1,,},. Instead of the original action if
we consider the effective action (3.12) for graviton then it is possible to write the membrane
action perturbatively and define the membrane charge (Il,},) in higher derivative gravity.
As if the membrane fluid is sensitive to the effective action S.4 in higher derivative gravity.

Following [37] we can write the membrane action and charge in the following way (in

Smb :/Zng];t\/—_0<H(%f)¢(To7—k)> (5.1)

where ¢, is the induced metric on the membrane and II(r, k) is given by (4.2) and the

momentum space)

membrane charge is given by,

M, = = —Rea(ro)\/ 99" 0,6(r, k)|, - (5.2)

H(To, k?)
V—0c
Imposing the in-falling wave boundary condition on ¢, it can be shown that the membrane
charge Il is the response of the horizon fluid to the bulk graviton excitation and the

membrane fluid transport coefficient is given by,

Thmb = Keff(TO) . (5.3)

Hence, we see that even in higher derivative gravity the shear viscosity coefficient of
boundary fluid is captured by the membrane fluid.

6 Four derivative lagrangian

In this section we apply our effective action approach to calculate the correction to the shear
viscosity in presence of general four derivative terms in the action. The four derivative bulk
action we consider is of the following form

1
5= 167G

/fmPu42+u@gﬁ+@R@Hw+%Rmﬂwmﬂ (6.1)

with constant ¢y, co and c3. The background metric is given by,

f(r) o dr? L. o
ds* = ———=dt —d 2
§ r +4r2f(r)+r v (6:2)
where,

firy=1-r*+ %(4(501 + ¢9) + 2¢3) + 2uczr?t (6.3)

— 11 —



The position of the horizon is given by,

f(ro) =0 (6.4)
which implies that,
2
ro=1+ 3(501 + ¢o + 2¢3)p + O(u?) . (6.5)
The temperature of this black hole is given by,
1 (ber +co — Tes)p 9
T=— (@) . 6.6
—+ = +0 (1) (6.6)

In this coordinate frame the boundary metric is given by,
dsi = (—f(0)dt* + di?) (6.7)

which is not Minkowskian. Therefore we rescale our time coordinate to make the boundary
metric Minkowskian. We replace,

b (6.8)
f(0)
in the metric (6.2). The rescaled metric is,
dr? 1
a5 =~ 42 —di® . 6.9
R e R o

This is our background metric and we consider fluctuation around this.

6.1 The general action

In this theory, the general action for the scalar field ¢(r, k) is given by,

4
- 16;% / (;iw]; dr [A?B(r, k) (r k)b(r, —k) + AGB(r, k)@ (r, k)& (r,—k)  (6.10)
+A3GB (T’ k:)gb”(r, k‘)gb”(r, _k) + AEB (T’ k‘)gb(’l“, k)gb/(r, _k)
+ASB (r Yo (r, k)" (r, —k) + AP (r k)¢ (r, k)@ (7, —k)]

where the expressions for AZ-GB s are given in appendix B. Up to some total derivative terms

this action can be written as,

1 d'k
S = Torcn / e [A(?ng(r, k)o(r, —k) (6.11)

+ASBY (r k) (r, k) + AFP " (r, k)" (r, —k:)]

where,

AP k) N AZCB(r, k)
2 2
ALB(r,k)
AT = AGE(r, k) — AGP (r, k) — ==

ASP = ASB(r k) . (6.12)

AGP = AT, 1)
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6.2 The effective action and shear viscosity

Following the general discussion of section (3) we write the effective action for the

scalar field,

4
560 = Saetd [ oyt | (A 000+ B2 1) 1 —R)6

(A (r, k) + pBSE (r, k)b (1, k)b, )

To evaluate the functions B{'Z and B§'P and to fix the normalization constant T', we follow
the strategy given in section (3.2). Comparing the equation of motion for ¢(r, k) from two
actions we get the function BIGB and B((]; B of the following form,

2

GB __ w 2 2 2 4
BO = m (10(11T — 13)C1 + (22T — 26)62 + (11 — 25r + 6r )03)
1
B = o (110 = 130r%)es + (22 = 26r*)ez — (13 = 23r° + 18r")cs) . (6.13)
r

The normalization constant I' = 0 (appendix A).
Now we can calculate the effective coupling using the formula (3.24). It turns out

to be,
1

Keg(r) = 167G

(—% + (4051 + ¢2) = 2(1 = r?)c3) N) : (6.14)

Therefore the shear viscosity is given by,

1
n= 75 (=2Ke(r0))
To
1 1

= — 1 —

1
= 1— -2 . 1
Tivex (1 =9p (er + c2) — 2 c3) (6.15)

This result is in agreement with [33, 34, 41].

7 String theory correction to shear viscosity

In this section we apply the effective action approach for eight derivative terms in the
Lagrangian. We consider the well known Weyl* term. This term appears in type II string

theory. The five dimensional bulk action is given by,

1
= Pay/=g (R+124 pWw® 7.1
167TG5/$ g<+ T ) (7.1)
where,
1
W(4) _ ChmnkcpmnthTSquTSk + §Chkmncpqmnchrspcqu (72)

,13,



and the weyl tensors Cypeq are given by,

1 1
Cabed = Rabed + g(gadRcb + gbcRad — JacRap — gpaRea) + E(gacgbd — Gadger)R . (7.3)

The background metric is given by [42, 43],

(1-r*

ds? = — (1 + 458 — 75t — 75ur2) dt?

1

1
Y 19 6 4 N g2 4 D2 y
4(1—7”2)7“2( 85ur® + Tourt + Thur?) dr —|—de (7.4)

_l’_
The temperature of this black hole is given by,
1
T=—(1+15u) . (7.5)
T
The horizon is located at rg = 1.

7.1 The general action

Putting the perturbed metric in (7.1) we get the general action for the scalar field ¢(r, k),

4
S = 1671 G / (;lw]; dr |:A¥V(7°, E)o(r, k)o(r, —k) + AY (r, k)¢ (r, k)¢ (1, —k) (7.6)
+A§V(T’ k‘)gb”(r, kj)qﬁ"(r, _k) + AXV(T’ kj)‘ﬁ(r’ k)QSI(T’ _k)
+AY (7, k) p(r, k)" (r, —k) + AY (r, k)¢ (r, k)" (r, —k:)} .

The coefficients A's are given in appendix (C). Like four derivative case, up to some total
derivative terms this action can be written as,

1 d*k
S = 1ng | Tamyed | A 90 00—+ A )6 1) A )6 )
(7.7)
where,
AV (k) AWV (rk
W (O S UL ML
APV (r,k
AY = A (k) — AY () - Zo D)
AY = AV (r k) . (7.8)
7.2 The effective action and shear viscosity
We write the effective action for the scalar field in the following way,
w (1 + F:U') / d*k (0) W / /
= k k —k k .

(AL (r k) + uBY (r, k) (r, k) (r, k)

— 14 —



The functions B(I)/V and B}V are given by,

w? (663r® — 57374 + 75r?)

BY (r,k) = — 7.10
0 (7”7 ) A2 (7’2 _ 1) ( )
r? —1) (129r° + 1417* — 75r2
BY (r, k) = ( ) ( ) . (7.11)
r
The normalization constant I' = 0 (appendix A).
The effective coupling constant is given by (3.24),
Kpr) = ALk + 1 BY (1)
off\T) 167G5 v —99""
1 1
= —= (1 +36pr*(6—1%)) | . 7.12
o (3 0306 - ) (7.12)
Therefore the shear viscosity is given by,
_3
n =1y *(—2Kesi(r0))
= 14180 =1 7.13
and shear viscosity to entropy density ratio
n 1
- =—(14120 7.14
U L1412 ) (714)
where entropy density s is given by [42, 43],
=—— (1460 . 7.15
s =g (1460 ) (7.15)

These results agree with [40].8

8 Discussion

We have found a procedure to construct an effective action for the transverse graviton
in canonical form in presence of any higher derivative terms in bulk and showed that
the horizon value of the effective coupling obtained from the effective action gives the
shear viscosity coefficient of boundary fluid. Our results are valid upto first order in pu.
We discussed two non trivial examples to check the method. We have considered four
derivative and eight derivative (Weyl*) Lagrangian and calculated the correction to the
shear viscosity using our method. We found complete agreement between our result and
the results obtained using other methods.

Since the equation of motion for scalar field ¢(r, k) obtained from effective and original
actions are same, these two actions should be related by some field re-definition. If one
finds such field re-definition then the normalization of the effective action will be fixed
automatically.”

8In fact, in [32] the result for /s was not correct. Later the author(s) corrected their results in [40].
9We are thankful to Ashoke Sen for discussion on thins point.
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In [35] the authors have proposed a formula for shear viscosity for generalized higher
derivative gravity in terms of some geometric quantity evaluated at the event horizon (like
Wald’s formula for entropy). Though their proposal gives correct results for Einstein-
Hilbert and Gauss-Bonnet action but unfortunately we are unable to get the correct
result for Weyl* term. We find the shear viscosity coefficient for Weyl* term (using
their proposal)

n (1+20p) (8.1)

- 167G

which implies,

» |3

- ﬁ (1 —40p) . (8:2)

These issues are under investigation [44].

In this paper we have concentrated on a particular transport coefficient, namely the
shear viscosity coefficient. But the other transport coefficients like electrical and thermal
conductivity of the boundary fluid can also be captured in terms of the membrane fluid.
It would also be interesting to study these other transport coefficients in the context of
higher derivative gravity.
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A Fixing the normalization constant

In this appendix we fix the normalization constant I". We consider a general class of action
for ¢ which appears when the higher derivative terms are made of different contraction
of Ricci tensor, Riemann tensor, Weyl tensor, Ricci scalar etc. or their different powers.
Since, all these tensors involve two derivatives of metric they can only have terms like
0a0y®(r, x) and its lower derivatives. Therefor the most generic quadratic (in ®(r,z), in
linear response theory) action for this kind of higher derivative gravity has the following

form (in momentum space)'®

1 d*k 5 L /
— 1677G5/(27T)4dr [al(r)qﬁ(r) +a2(r)¢’ (r)* + ad(r)o(r)¢'(r) (A1)

+p ab(r)¢” (r)¢' (r) + p a3(r)¢" (r)* + a5(r)o(r)¢” (r)

10Tn all the expressions we have omitted k& dependence of ¢.
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where,

_ —8r2 + w?r +8
- 4r3 — 49D

3
a2(r) = =3r + — + p h2(r)
T

+ o £2(r)

ad(r) = —7% ~ 24 g2(r)
a5(r) = —4r + % + 1 j2(r) (A.2)

and a3(r),ab(r),j2(r),92(r),h2(r) and f2(r) depends on higher derivative terms in the
action. Now let us write the effective Lagrangian as follows,

2
bl [ T (R = 1) 60— w00 N
= d b2 bl _
= Tands | ¥ | + 1 b2(r)o(r)2+bL) (1)
(A.3)
From condition (a) of section (3) the solutions for b1 and b2 are given by,
1
b1(r) = ———— ((—4r® — 12r + w?) a3(r
(r) 27‘(7“2—1)2(( ) (r)

+ (7“2 — 1) (2,«;7“4 — a6'(7“)7°3 — drr? + 2a3'(7“)7°2

+2 (12 = 1) h2(r)r — 2 (12 — 1) j2(r)r + a6/ (r)r + 2k + 2a3(r))) (A.4)
b2(r) = —m((u)‘l + 1447°3w2) a3(r)

+4 (r? = 1) (—4r*2(r) (r* — 1)3 + (2r%g2'(r) (r* — 1)2

+ (w2/< —2r? (7“2 —1)j2"(r)) (r2 - 1)

+rw?ad”(r)) (r* — 1) + (1 — 11r%) w?a3'(r))) . (A.5)

The boundary term coming from the original action (after adding Gibbons-Hawking bound-
ary terms) are given by,

4 r)? "(r)op(r
R ———

(G0 - 52 (r)or)?

F02(7)6 (r)o(r) — 20} (1) (r) — 56 (1) (1) (r)
+a3’(7“) (p(r)w? +4 (r* = 1) ¢'(r)) &(r)
4r (r? — 1)
a3(r) (6T¢(r)w2 + (r2 — 1) (87“3 + 24y — w2) qS’(r)) o(r)
4r (r? — 1)3
a3(n)¢'(r) (¢(r)w® +4 (r* = 1) ¢/(r))
dr (r2 —1)°

oo, ]
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And the boundary terms coming from the effective action are given by,

8= 1o [ | (- 3) et (A7)

_r r r2 — s —a6'(r)r?
toror (om0 = 1)+ (s

+2a3'(r)r? + 2 (r* — 1) h2(r)r — 2 (r2 —1)j2(r)r

+ab’ (r)r + 2a3'(r)) (7"2 -1)+ (—47"3 —12r + wz) a3(r))¢'(r)>] )
Let the form of the solution of ¢ is given by,
(1= %)™ (1 + iBwuF (1)) (A.8)

with
F(0) =0. (A.9)

The imaginary part of the retarded Green function for original action is given by,
lIm [GR(Original)} = lim | — 20+ _ pB(4 (r? +3) a3(r)r* + (r* — 1)
w Ty r—0 r(r?— 1)3
(FI(T)’I“G + a6/(7“)r4 - 3F/(r)r4 - 2a3'(7“)r3 -2 (r2—1) h2(7“)r2
+2 (r2 — 1) j2(7“)r2 —a6'(r)r2 —|—3F'(T)r2 — 2a3'(r)r—F’(r)))> }
(A.10)

and imaginary part of the retarded Green function for effective action is given by

1 R(effective) . 1 2
;Im[G;py,my ] = lim [— 28 - M(m ( (r*—1)

(20r* — a6/ (r)r® — 40r? 4 2a3'(r)r? + 2 (r? — 1) h2(r)r

=2 (r® = 1) j2(r)r + a6’ (r)r + 2T + 2a3'(r)) — 4r (r°+3) a3<r>>

)+ )] (A1)

r

Therefore, in low frequency limit the difference between the imaginary part of retarded
Green function coming from this two boundary terms are given by ,

1 origina. 1 effective
lim —tm |G| = —tm [GE7" ] = 2 9T (A12)
Therefore for this general class of theory,
r=o0. (A.13)

The other kind of higher derivative theory one can consider is covariant derivatives
acting on curvature tensors. In that case one can have a more general action like (3.3). For
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this kind of action the boundary terms one gets are of the form ¢ ¢® (here #") means
n-th derivative of ¢ with respect to ). Using the form of ¢ given in (3.23) it can be shown
that except ¢ ¢ kind of terms, other boundary terms do not contribute in low frequency
limit. For example, if we consider quﬁ(”)2 term in the original action, the the relevant
boundary term which will contribute in low frequency limit is (—1)"+D(C,¢™)Dg,
One can check that though we need to add Gibbons-Hawking terms to make the variation
of the action well defined but most of them are zero in low frequency limit. We have
checked it for few nontrivial terms like, (]5(3)2 and ¢(4)2 and I' turns out to be zero. But we

expect it is true in general.

B Expressions for AGB

ASGB(r k) = Srf-wh o8 ! ((10c; (8874 — 11w — 17672 + 13wr + 88)
LM T 21y (1203 (2= 1)2)
+¢3(14478 — 2887 + 66w2r° + 232r* 4 25w r® — 4(3w? + 44)r* 4 13w?r + 88)
+¢o (17671 — 22013 — (3wt + 352)r% + 26w?r + 176)) 1) + O (1)
3(r2—1
=
.
10c; (1372 —11)42¢9 (2r* +17r% —9) +-c3(347* +9r2 — 8w?r —3
L (10ei( )+2co( : )+es( ))M+O(M2)
ASB(r k) = 4(co + 4es)r (r* — 1)2 n+ O (/ﬁ)
2(r? + 3)
AZ?B(T’ k) == 72
1
—i—mQ(lOcl(137"4—1—207"2—33)+02(267“4+3w2r3+407°2+3w27“—66)
+¢5(90r° — 89r + 30w?r® + 32r% + 6w’r — 33))p) + O (1?)
4(r? —1
I —
,
+2(20c1(13r2—11)+2C3(18r4+;~j—11)+CQ(52r2+3w2r—44))u £ 0 ()
AGB(r k) = 8 (r? — 1) (cor® +degr® + c2) p+ O (%) . (B.1)
C Expressions for AW
AI{V _ 8r2—w2r—8
4r3 (r2—1)
(3607 —240r7 +129w %76+ 1560r° — 300w?r* +8 (w?—120) r®+75w2) ~ )
- 1(r2—1)? +0(w)

21
AY = _w +7 (—4197°+668r" —24w?r® +-87% —225) pu+0 (p?)

AY = 325 (r2—1)2,u—{—0 (,u2) (C.1)
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w 2(r*43)  2(2045r% — 41857 —26w2r° +2140r* — 2w r3 4+ 7512 = 75) p

AY = ———- | +0 (%)
PR G B (r (145r° —220r* +20*r* +75) ) p+0O (p®
5 = p+0 (1)
AY =320t (201 =317 +1) p+0 (%) . (C.2)
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